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Abstract

We present a duality for the intuitionistic modal logic IK introduced by Fischer Servi in
[10, 11]. Unlike other dualities for IK, the dual structures of the duality presented here are
ordered topological spaces endowed with just one extra relation, that is used to define the
set-theoretic representation of both O and ©. We also give a parallel presentation of dualities
for the intuitionistic modal logics Iz and Io. Finally, we turn to the intuitionistic modal logic
MIPC, and give a very natural characterization of the dual spaces for MIPC introduced in [2]
as a subcategory of the category of the dual spaces for IK introduced here.

1 Introduction and Preliminaries

Fischer Servi [10] proposed a general method for defining the intuitionistic analogue of a given
classical modal system. Her method is based on a translation of formulas of the intuitionistic
modal language Loo = {A,V,—,—, 0,0} into a classical modal language with two necessity
operators, that extends the Godel translation of the intuitionistic propositional calculus IPC into
Lewis’ classical modal logic S4. The intuitionistic modal logics K-IC (IK elsewhere) and S5-1C
(I5 elsewhere) in the language Lo are defined in the same paper according to this method as the
intuitionistic counterparts of the classical modal logics K and S5, and are axiomatized in [11]. In
particular I5, which coincides (see also [12]) with Prior’s intuitionistic modal logic MIPC [16], is
axiomatized by extending the set of axioms of IK with the following ones:

Op—p Op — OOp Op — OOp
p—<p OOp — Op <&Op — Op,

which shows that MIPC is to IK what S5 is to K, also from the point of view of axioms. A dis-
tinguished feature of IK is that the modal operators are not interdefinable but they are connected
by the pair of “connecting axioms” (see (1) in subsection 1.1): In this respect, IK is similar to the
negation- and implication-free modal logic PML [7], for which a duality was established in [3],
relating PML-algebras with structures consisting of ordered topological spaces (indeed, Priestley
spaces [6]) endowed with one extra relation, and called K*-spaces. This paper presents a “duality
for IK”, i.e. a duality relating algebraic and topological semantics of IK. Like the duality in [3] and
unlike other dualities for IK reported in the literature (see for example [17]), the dual structures
of the duality presented here are ordered topological spaces (indeed, Esakia spaces [9], see also
[5, 14]) endowed with just one extra relation, that is used to define the set-theoretic representation
of both O and <. Also, unlike the duality in [17], this duality naturally extends the definitions
and techniques used by Fischer Servi in the proof of completeness for IK via canonical model
construction [12]. The similarities between the duality presented here and the one in [3] confirm
the intuition that PML and IK are akin, and indeed, the motivation of this work came from the
project of extending to IK the results on PML presented in [14], where an equivalence of cate-
gories was established between KT-spaces and the coalgebras of the Vietoris functor on Priestley
spaces. This class of coalgebras is therefore as adequate a semantics for PML as the algebraic
one (consisting of PML-algebras), and as the topological /relational one (consisting of KT-spaces),
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and this gives a very concrete sense to the expression “PML is a coalgebraic logic”, i.e. the logic
of a category of coalgebras. The duality that we are going to present is a basic ingredient in the
investigation on whether IK or MIPC can be declared coalgebraic logics as well.

In the remainder of this section, we are going to formally introduce the logic IK together with
the other two intuitionistic modal logics In and I¢, and the categories of algebras canonically
associated with each of them. In section 2, we define the frames of these logics, and show that
their associated complex algebras belong to the expected categories. In section 3 we define the
general frames and p-morphisms for these logics. In sections 4 and 5 we establish back-and-forth
functorial correspondences between general frames and algebras, and between p-morphisms and
algebra homomorphisms, for each logic. In section 6 we establish the dualities between the algebras
and suitable full subcategories of the general frames categories: For L € {Ig, I, IK} the objects
of these subcategories are called L-spaces, and play an analogous role to descriptive general frames
for the classical modal logic K. In section 7 we characterize the topological semantics of MIPC
within the category of IK-spaces.

1.1 The logics

From now on, we take £ = {A,V,—, L, T} as the intuitionistic propositional language, or equiva-
lently, as the algebraic similarity type of Heyting algebras. For a non-empty set M of unary modal
operators, let L3, be the intuitionistic propositional language augmented by the connectives in
M. By an intuitionistic modal logic we understand any subset of £, containing all the theorems
of IPC and closed under modus ponens, substitution and the regularity rule ¢ — ¥/my — may
for every m € M.

The logic Ig, in the language Lg, is axiomatized by adding the following axioms to IPC:

O(pAY)=0pA0¢p and OT =T.
The logic 1o, in the language Lo, is axiomatized by adding the following axioms to IPC:
S(dpVYh) =0V OY and OL = 1.

The logic Ine is the smallest logic S in the language Loe that contains Ig and Io. IK is the
axiomatic extension of Ige obtained by adding the connecting axioms

O(¢ =) = (B = OY) and (¢ — B¢P) — T(d — ¢). (1)

1.2 Algebras for intuitionistic modal logics

An Lp-algebra A is an Ig-algebra if its L-reduct is a Heyting algebra and the following axioms are
satisfied:

O(aAb)=0aA0b and O1=1.

An Ls-algebra A is an Io-algebra if its L-reduct is a Heyting algebra and the following axioms are
satisfied:

Olavb) =<CaVOb and €0 =0.

An Lpo-algebra A is an IK-algebra if its L-reduct is a Heyting algebra and the following axioms
are satisfied:

1. 01=1 2.00=0
3. O(aAb) =0aAOb 4. O(aVb) =Ca Vv Ob
5. 0(a—b) <Oa—<b 6. Oa— 0Ob<0O(a —b).

For L € {In, 1o, IK}, let LAlg be the category of L-algebras and their homomorphisms. Clearly,
LAlg is closed under subalgebras.
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2 Frames

For every relation S C X x X and every Y C X, let
S[Y]={x € X | ySz for some y € Y} and S~![Y]={z € X | 2Sy for some y € Y}

We abbreviate S[{z}] and S™![{z}] with S[z] and S~![z] respectively. A preorder is a structure
(X, <), such that X # () and < is a reflexive and transitive binary relation on X. For every
preorder (X, <) and every Y C X, Y] = <[V] and Y| = <71[Y]. Y is an up-set (a down-set) if
Y =Y17(Y =Y]). We abbreviate {z}7 and {«}] with 1 and z| respectively. Up(X) (Down(X))
is the collection of the up-sets (down-sets) of X.

A map f: (X, <) — (Y, <) between preorders is strongly isotone if the following conditions are
satisfied for every z,y € X and every z € Y:

MI1. If < y then f(x) < f(y).

M2. If f(z) < z then f(z') = z for some 2’ € z7.

An intuitionistic frame [4] is a poset, i.e. an antisymmetric preorder. For every Y, Z C X,

Cs(Y) = {zeX|SzlnY #0} = S7Y]
Os(Y) = f{reX|SE]CY} = X\S1X\Y]
Z=sY = {zeX|SkNnZCY} = Os((X\ Z)UY).
We will always abbreviate =< with =. One can easily verify that for every poset (X, <) and

every A,B,C € Up(X), A= B e Up(X) and (ANC) C B iff C C (A = B), which implies that
(Up(X),N,U,=,0, X) is a Heyting algebra.

Definition 2.1. (Frames) Let F = (X, <, R) be a relational structure such that < is a preorder.
1. Fis an Ig-frame iff (So R) C (Ro <).
2. F is an lo-frame iff (> o R) C (Ro >).
3. F is an IK-frame iff (>0 R) C (Ro>) and (Ro <) C (<o R).

If (X, <) is a poset, then (X, <, <) is an Ig-frame, (X, <,>) is an Io-frame, and (X, <, > o <)
is an IK-frame. The following lemma is easy to show by direct computation, and explains the
meaning of the conditions in the definition of frames in algebraic terms:

Lemma 2.2. For every preorder (X, <) and every binary relation S on X,
1. (€08)C (So<) iff Up(X) is closed under Og.

2. (>08)C(So>) iff Up(X) is closed under <g.

3. (80<)C (<08 iff S[xz1] € Up(X) for every xz € X.

Notice that for every every preorder (X, <) and every binary relation R on X, the following
inclusion (<o (<o R)) C ((< o R) o <) always holds, hence by applying 2.2 (1) we get:

Corollary 2.3. For every preorder (X,<) and every binary relation R on X, Up(X) is closed
under O(<oR)-

Proposition 2.4. Let F = (X, <, R) be a relational structure.

1. If F is an Ig-frame, then Ax = (Up(X),N,U,=,0g,0, X) is an Ig-algebra. Hence, every
subalgebra A of Ar is an In-algebra.

2. If F is an Lo-frame, then Ax = (Up(X),N,U,=,CR, 0, X) is an Lo-algebra. Hence, every
subalgebra A of Ax is an lo-algebra.

3. If F is an IK-frame, then Ax = (Up(X),N, U, =, 0<or), Or, 0, X) is an IK-algebra. Hence,
every subalgebra A of Ax is an IK-algebra.

Proof. We only check axioms 5 and 6 for IK-algebras: Let us show that for every U,V € Up(X)
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(a) OR(U = V) - (D(SOR)U = <>RV) and (b) (<>RU = D(SOR)V) - D(SOR)(U = V)

(a) Assume that x € Or(U = V), let 2 < z and z € O<,p)U, and let us show that z € OrV, i.e.
that R[z] NV # 0. As x € Or(U = V), then there exists y € R[z] N (U = V), hence z > xRy,
and so, as F is an IK-frame, zRv > y for some v € X. Asv € R[z] C (<o R)[2] CU, y < v and
y € (U= V), thenv € V, and as v € R[z], then R[z] NV # ().

(b) Assume that z € (OrU = O(<or)V), let z € (<o R)[z] and z < y € U, and let us show
that y € V. As z € (<o R)[z], then z < vRz < y for some v € X, hence, as F is an IK-frame,
r < v < wRy for some w € X. As wRy € U, then w € OrU, and as v < w, then w € O<,pr)V,
hence y € R[w] C (<o R)[w] CY. O

3 Topological semantics

Definition 3.1. (General frame) A general frame is a structure G = (X, <, R, A) such that
X is a nonempty set, < is a partial order on X, R is a binary relation on X, and A is a
subalgebra of (Up(X),N,U,=,0,X). For every general frame G, Fg = (X, <, R) is its associated
frame, and its associated ordered topological space Xg = (X, <,74) has the following subbase:
Y| YeAJU{(X\Y)|Y e A}

We recall that a Priestley space is a structure X = (X, <,7) such that (X, <) is a partial order,
(X, 1) is a compact topological space which is totally order-disconnected, i.e. for every z,y € X,
if x £ y then x € U and y ¢ U for some clopen up-set U. An Esakia space X = (X, <,7) is a
Priestley space such that for every clopen subset U of X, U] = {x € X | < u for some u € U}
is clopen. For every (preordered) topological space X, K (X) is the set of closed subsets of X, and
K1(X) is the set of closed up-sets of X.

For sake of self-containment, we report the following basic fact on Priestley spaces, that will be
needed onwards:

Lemma 3.2. For every Priestley space X = (X, <, 7) and every F € K(X), F1 and F'| are closed
subsets of X. Hence, for every x € X, x1 and x| are closed subsets of X.

Proof. In order to show that FT € K(X), assume that ¢ F7, and show that z € A and
ANFT =0 for some A € 7.

If © ¢ F'7, then for every y € F, x ¢ yT, i.e. y £ x. Then by total order-disconnectedness, for
every y € F' there exists a clopen up-set U, such that y € U, and z ¢ U,. Therefore F' C |, Uy,
and as F' is compact, for F' is a closed subset of the compact space X, then F C |J_, U,, for
some y1,...,y, € F. Let A= X\ U, U,,. Aisan open down-set of X, z € A and ANF = (.
Let us show that AN F1 = (). Suppose that z € AN F7 for some z € X. Then z € A and yy < 2
for some yo € F, and as A is a down-set, then o € A, hence yog € AN F = (), contradiction. The
proof that F'| € K(X) is similar. As for the second part of the statement, since X is Hausdorff,
then {z} is closed for every z € X. O

Next, we are going to define, for L € {Ip, Io, IK}, the categories LGF of general L-frames and
their p-morphisms.

3.3 General Ig-frames and their morphisms

Definition 3.4. (General Ig-frame) Let G = (X, <, R, A) be a general frame. G is a general
Ig-frame iff the following list of conditions is satisfied:

D1. Xg is an Esakia space, and A is the collection of the clopen up-sets of Xg.
D2’. A is closed under Og.
D3. For every x € X, R[z] € K(Xg).
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Definition 3.5. (p-morphism of general Ig-frames) Let G; = (X;, <, R;, A;) be general In-
frames, i = 1,2. A map f : X1 — X5 is a p-morphism iff the following list of conditions is
satisfied for every x,x',y € X1, z € Xa:

ML if x <y then f(z) < f(y).

M2. If f(z) < z then f(2') = z for some z’ € x1.

M3. For every Y € Aa, fLY] € A;.

M. If zRyy then f(z)Raf(y).

M5’ If f(x)Raz then f(a') < z for some ©’ € Ry|x].

By M1 and M2, f is a strongly isotone map, and M3 says that f : Xg, — Xg, is continuous.

3.6 General I,-frames and their morphisms

Definition 3.7. (General I,-frame) Let G = (X, <, R, A) be a general frame. G is a general
Io-frame iff the following list of conditions is satisfied:

D1. Xg is an Esakia space, and A is the collection of the clopen up-sets of Xg.
D2. A is closed under Cg.
D3. For every xz € X, R[z] € K(Xg).

Definition 3.8. (p-morphism of general I,-frames) Let G; = (X;, <, R;, A;) be general 1o-
frames, i = 1,2. A map f : X1 — X5 is a p-morphism iff the following list of conditions is
satisfied for every x,x’,y € Xy, z € Xa:

M1. if x <y y then f(z) < f(y).

M2. If f(z) <2 z then f(2') = z for some 2’ € x].

M3. For everyY € Ay, f71Y] € A;.

M. If 2Ry then f(z)Raf(y).

M5. If f(z)Raz then z <g f(a') for some 2’ € Ry[x].

3.9 General IK-frames and their morphisms

Definition 3.10. (General IK-frame) Let G = (X, <, R, A) be a general frame. G is a general
IK-frame iff the following list of conditions is satisfied:

D1. Xg is an Esakia space, and A is the collection of the clopen up-sets of Xg.

D2. A is closed under Or and O(<p).

D3. For every x € X, R|z] € K(Xg).

Dj. For every x € X, R[z1] € K1(Xg).

Example 3.11. For every finite partial order (X, <), the general frame G = (X, <, (>0<),Up(X))
is a general IK-frame.

Proof. By definition, the topology 7 of Xg = X is generated by taking Up(X) U Down(X) as a
subbase. As X is finite, then X = (X, <, 7) is compact and 7 is the discrete topology, i.e. every
set is clopen. So it trivially follows that X is totally order-disconnected, hence it is a Priestley
space, and that for every clopen subset U of X, U] is clopen, so X is an Esakia space. 2.2 (2)
implies that Up(X) is closed under ¢(>.<), and by 2.3, Up(X) is closed under O<,(>0<). For
every x € X, (> o<)[z] = z|T € Up(X) and (> o <)[z]] = 2T|T € Up(X), so they are clopen
up-sets, therefore (> o <)[z] € K(X) and (>0 <)[z1] € K1(X). O

Definition 3.12. (p-morphism of general IK-frames) Let G, = (X;, <, R;, A;) be general
IK-frames, i = 1,2. A map f : X1 — Xo is a p-morphism iff the following list of conditions is
satisfied for every x,x',y € X1, z € Xa:

ML if x <y then f(z) < f(y).

M2. If f(z) < z then f(2') = z for some z’ € x1.

M3. For every Y € Aa, fLY] € A;.

M. If zRyy then f(z)Raf(y).
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M5. If f(xz)Raz then z < f(2') for some ©’ € Ry|x].
M6. If f(z)(< o Rg)z then f(2') < z for some ©' € Ry[x1].

4 From general frames to algebras

For every general frame G = (X, <, R, A), let G := A, and for every continuous f : Xg, — Xg,
let f*: G5 — G be given by the assignment Y —— f~1[Y] for every Y € Ag,.

In this section, we are showing that these assignments define functors ( )* : LGF — LAlg for
L € {Ig, Lo, IK}.

4.1 The action of ( )* on objects

Let us recall that for every general frame G = (X, <, R, A), Fg = (X, <, R) is the associated
frame.

Lemma 4.2. Let G = (X,<, R, A) be a general frame.
1. If G is a general In-frame, then Fg is an Ig-frame.
2. If G is a general 1o-frame, then Fg is an lo-frame.
3. If G is a general IK-frame, then Fg is an IK-frame.

Proof. 1. Let us show that for every z € X, (<o R)[z] C (Ro <)[x]: Suppose that z € (< o R)[x]
and z ¢ (Ro <)[z] = R[z|! for some z € X. As z ¢ R[z|T, then y £ z for every y € R|x], hence,
by D1, for every y € Rx] there exists a clopen up-set U, of Xg such that y € U, and z ¢ U, and
so R[z] C UyER[ac] Uy, and as Xg is compact and R|[z] is closed by D3, then R[z] C J!_, U,, =U
for some y1,...,y, € R[z]. As U is a clopen up-set, then U € A, moreover, z ¢ U and R[z] C U.
As z € (<o R)[z], then < wRz for some w € X. Since z € (R[w] \ U), then w ¢ OrU € A by
D2’ so in particular OgU is an up-set, and as @ < w, then x ¢ OgU, i.e. R[z] € U, contradiction.
2. Let us show that for every z € X, (> o R)[z] C (R o >)[x]: Suppose that z € (> o R)[z] and
z ¢ (Ro>)[z] = R[x]] for some z € X. As z ¢ R[z]], then z £ y for every y € R[z], hence, by
D1, for every y € R[z] there exists a clopen down-set V;, of Xg such that y € V,, and z ¢ V,,, and
so R[z] € U, cpp Vy: and as Xg is compact and R[z] is closed by D3, then R[z] C U, V., =V
for some y1,...,yn € R[z]. Let U = (X \ V). As U is a clopen up-set, then U € A, moreover,
2 €U and R[z]NU = 0.

As z € (>oR)[z], then x > wRz for some w € X. Since z € Rlw]|NU, then w € OCrU € A by D2,
so in particular GgrU is an up-set, and as w < z, then x € OgU, i.e. R[z] N U # 0, contradiction.
3. Let us show that for every € X, (Ro <)[z] C (<o R)[z]: Suppose that z € (R o <)[z] and
z ¢ (<o R)[z] = R[x]] for some z € X. As z ¢ R[z7] which is a closed up-set of Xg by D4, then
y £ z for every y € R[z1], hence, by DI, for every y € R[z1] there exists a clopen up-set U, of
Xg such that y € Uy and z ¢ Uy, and so R[z1] € U,cppy Uy, and as Xg is compact and R[z] is
closed by D3, then R[z] C |J!_, Uy, = U for some y1,...,y, € R[z]. As U is a clopen up-set, then
U € A, moreover, z ¢ U and R[z7] CU.

As z € (R o <)[z], then xRw < z for some w € X. Since w € R[z] C R[zT] C U, then w € U
which is an up-set, and as w < z, then z € U, contradiction. The proof of the other condition is
the same as the proof of (2). O

Proposition 4.3. Let L € {Ig, 1o, IK}. For every general L-frame G = (X, <, R, A), A is an
L-algebra.

Proof. Tt immediately follows from 2.4 and 4.2. O
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4.4 The action of ( )* on arrows

Proposition 4.5. Let L € {In, Io, IK}. For every p-morphism h : G — Go of general Li-frames,
ht : Gy — Git is a homomorphism of L-algebras.

Proof. If h : G — G5 is a p-morphism of general L-frames, then in particular it is a continuous
and strongly isotone map between the Esakia spaces Xg, and Xg,, hence from the duality for
Heyting algebras, hT is a homomorphism between the Heyting algebra reducts of Go™ and G, .
Let us show that if G; and Gy are general Ig-frames, then for every Y € A,

h71 [DRzy] = DR1h71 [Y}

For every z € X1, # € h™![Og, Y] iff Ro[h(z)] C Y, and @ € Og, h 1 [Y] iff Ry[z] C h71[Y].

(C) Assume that 2 € Ry[x] and show that z € h=![Y]: As xRz, then, by M4, h(z)Rzh(2), i.e.
h(z) € Ro[h(x)] C Y, hence z € h~1[Y].

(D) Assume that z € Rp[h(z)] and show that z € Y: If h(x)Raz, then, by M5’, there exists
y € Ry[z] C h=1[Y] such that h(y) < 2. As h(y) € Y and Y is an up-set, then 2 € Y.

Let us show that if G; and G, are general Io-frames, then for every Y € As,

h_1[<>32Y] = <>R1 h_l[Y]

For every x € X1, z € h™}OR, Y] iff Ro[h(z)]NY # 0, and € O, h7 Y] iff Ry[z]Nh~L[Y] # 0.
(©) Assume that z € Ra[h(x)]NY. As h(z)Rz2z, then, by M5, there exists y € R;[x] such that
2z <y h(y). As z € Y and Y is an up-set, then h(y) € Y. Hence y € Ry[z] N h™1[Y] # 0.

(D) Assume that z € Ry[z] N h7L[Y], hence h(z) € Y and zR;z, so, by M4, h(z)Rah(z), i.e.
h(z) € Ra[h(x)], and so h(z) € Ra[h(z)]NY # 0.

Let us show that if G; and Gy are general IK-frames, then for every YV € As,

h™ O (<ory) Y] = O(<orph Y]

For every z € X1, # € h™'[O(<op,)Y] iff (<o Ry)[h(z)] C Y, and © € O<oph Y] iff
(0 Ry)la] € Y],

(C) Assume that z € (<o Ry)[x] and show that z € h™[Y]: As < wR;z for some w € X7,
then, by M1 and M4, h(x) < h(w)Rah(z), i.e. h(z) € (<o Ry)[h(z)] C Y, hence z € h~1[Y].

(D) Assume that z € (<o Ry)[h(x)] and show that z € Y If h(z)(< o R2)z, then, by M5, there
exists y € (<o Ry)[z] C h1[Y] such that h(y) < z. As h(y) € Y and Y is an up-set, then z € Y.
The proof that h™1[Og, Y] = O, h71[Y] goes as in the I-case. O

5 From algebras to general frames

Let L € {Ig, Lo, IK}. For every L-algebra A let Pr(A) be the collection of the prime filters of the
L-reduct of A. Let us define A, := (Pr(A),C, R4, A), where for every P,Q € Pr(A):

R1. If A is an Ig-algebra, PR4Q iff O7'[P] C Q.

R2. If A is an Io-algebra, PR4Q iff Q C O~1[P].

R3. If A is an IK-algebra, PR4Q iff O71[P]CQ C O~ LP].

As for the definition of A, for every a € A, let @ = {P € Pr(A) | a € P}. Then the carrier of A is
A = {@]| a € A}. For every n-ary operation * in the signature of A, ¥4 (@, ..., @) = *(ai, ..., an).
The operations *4 are well-defined, for if @ = &, then for every P € Pr(A), a; € P iff ¢; € P,
and by Birkhoff-Stone theorem, this implies that a; = ¢;. From the Priestley duality restricted
to Heyting algebras it follows that the L-reduct of A is a subalgebra of the Heyting algebra
(Up(Pr(A)),n,U,=,0, Pr(A)).

For every homomorphism f : A; — A let fi : Ay, — Aj, be given by the assignment
P +—— f~YP] for every P € Pr(As).

In this section, we are showing that these assignments define functors ( )4 : LAlg — LGF for
L € {Ig, Lo, IK}.
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5.1 Properties of R4

Lemma 5.2. For every L-algebra A, R 4 is a closed subset of X4, x X4, .

Proof. Assume that R 4 is defined like in R1. If (P, Q) ¢ R4, then O71[P] € Q, i.e. Oa € P and
a ¢ Q for some a € A. Hence P € (Oa) and Q ¢ @. Let us consider U = (Oa) x (Pr(A)\a). U is
an open subset of X 4, x X 4., for both (Da) and Pr(A) \ @ are open subsets of X 4, , moreover
(P,Q) € U. Let us show that Ry NU = O: If (S,T) € U, then Ja € S and a ¢ T, hence
0-Y[S] Z T, i.e. (S,T) ¢ Roa.

Assume that R 4 is defined like in R2. If (P, Q) ¢ R4, then Q € O71[P], i.e. a € Q and Ca ¢ P
for some a € A. Hence @ € @ and P ¢ (<a). Let us consider U = (Pr(A)\ (¢a)) xa. U is an open
subset of X 4, x X 4., for both Pr(A)\ (<¢a) and @ are open subsets of X 4, , moreover (P, Q) € U.
Let us show that RoNU = (: If (S,T) € U, then Ca ¢ S and a € T, hence T Z O71[9], i.e.
(S,T) ¢ Ra.

Assume that R4 is defined like in R3. Then R4 is the intersection of two sets that, by the
previous cases, are closed, and so R 4 is closed. O

Corollary 5.3. For every L-algebra A, if X is a closed subset of X a,, then Ra[X] is a closed
subset of X4, .

Proof. For i = 1,2 let m; : X4, X X4, — X4, be the canonical projections. For every closed
subset X' of X 4.,

RalX] = {Q € Pr(A)| PR4Q for some P € X'}
= m[RaN(X x Pr(A))].

By 5.2 R 4 is closed, hence so is R4N(X x Pr(A)), and as 7 is a closed map, for it is a continuous
map between compact spaces, then m3[R 4 N (X x Pr(A))] is closed. O

Lemma 5.4.
1. For every Ig-algebra A, R4 = (CoR 40 Q).
2. For every lo-algebra A, Rq = (2 0R402).
3. For every IK-algebra A, Ra = (CoR4)N(Ra02).

Proof. We prove only the inclusions from right to left, being the converse inclusions immediate.
1. If (P,Q) € (CoR40C), then P C S;R4S2 C Q, for some Sy, Sy € Pr(A), hence O~ 1[P] C
O0-1[8] €S2 CQ,ie (P,Q) € Rua.

2. If (P,Q) € (DoR402), then P D SR 4S2 2 Q, for some Sy, Se € Pr(A), hence Q C Sy C
OS] C O P, ie. (P,Q) € Ra.

3. If(P,Q) € (CoRA)N(R402D), then P C SR AQ and PR 452 2 @ for some S, Sy € Pr(A),
then O~ [P] CO71[S;] C Q and Q C Sy C ©~1[P], hence PR 4Q. O

For every Ls-algebra A and every subset B of A, let F'i(B) (Id(B)) be the filter (ideal) of the
lattice reduct of A that is generated by B. B¢ is the complement of B in A.

Lemma 5.5. For every IK-algebra A and every P,@Q € Pr(A),
1. (P,Q) € (Rao2) iff Q< O7[P].
2. (P,Q) € (CoRA) iff O7'P]CQ.

Proof. 1. ‘if’: Assume that @ C O~ ![P], and let us show that there exists S € Pr(A) such that
PR AS 2 Q, i.e. such that QUO[P] C S and SNOTL[P]¢ = 0. Let us consider Fi(QUO[P]):
If we show that

Fi(QUO™YP) NO~LP]c =10,
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then the statement will follow by Birkhoff-Stone theorem. Suppose that Fi(Q U O71[P]) N
O71[P]¢ # (). Then there exists ¢ € A such that Gc ¢ P and a A b < ¢ for some a € O ![P] and
b€ Q. Then b < a — ¢, hence Ob < Oa — ¢) < (Da — Oc). Asb e Q C O~1[P], then b € P,
hence Oa — <c € P, and as Oa € P, then Oc € P, contradiction.

‘only if’: If PR4S 2 Q for some S € Pr(A), then Q C S C O71[P].

2. ‘if”: Assume that O7'[P] C @, and let us show that there exists S € Pr(A) such that P C S
and O~ YP] C Q C O71[P], ie. such that PUO[P] C S and SN O[Q°] = . Let us consider
Fi(PU<[Q)): If we show that

Fi(PUO[Q) NO[Q] =0,

then the statement will follow by Birkhoff-Stone theorem. Suppose that Fi(PU<[Q])NO[Q] # 0.
Then there exist a € Q¢, b € P and ¢ € @Q such that bA<Cc < Oa. Then b < Gc¢ — Oa < O(¢c — a).
As b € P, then O(¢c — a) € P, hence ¢ — a € O7'P] C Q, and as ¢ € @, then a € Q,
contradiction.

‘only if": If P C SR 4Q for some S € Pr(A), then O71[P] C O71[S] C Q. O

Corollary 5.6.

1. For every Ig-algebra A and every P € Pr(A), if Oa ¢ P, then a ¢ Q and PR 4Q for some
Q € Pr(A).

2. For every lo-algebra A and every P € Pr(A), if Ca € P, then a € Q and PR AQ for some
Q € Pr(A).

3. For every IK-algebra A, if Da ¢ P, then a ¢ Q and P C SR 4Q for some Q,S € Pr(A).

4. For every IK-algebra A and every P € Pr(A), if Ga € P, then a € S and PR S for some
S e Pr(A).

Proof. 1. If Oa ¢ P, then Id(a) NO~[P] = 0, for if not, then ¢ < a for some ¢ such that Oc € P,
hence Oc < Oa, and so Oa € P, contradiction. By Birkhoff-Stone theorem, there exists @ € Pr(A)
such that O7![P] C Q, i.e. PR4Q, and a ¢ Q.

2. If Ga € P, then Fi(a)NO~1[P¢] = 0, for if not, then a < ¢ for some ¢ such that Gc ¢ P, hence
Oa < Oc, and so Oc € P, contradiction. By Birkhoff-Stone theorem, there exists @ € Pr(A) such
that a € Q and Q C O 1[P], i.e. PRAQ.

3. If Oa ¢ P, then Id(a) N O71[P] = 0, so by Birkhoff-Stone theorem, there exists @ € Pr(A)
such that O71[P] C Q and a ¢ Q. By 5.5 (2), P C SR AQ for some S € Pr(A).

4. If Ga € P, then Fi(a) N O~ [P = (), so by Birkhoff-Stone theorem, there exists @ € Pr(A)
such that a € Q@ and Q C O~1[P]. By 5.5 (1), PR4S 2 Q for some S € Pr(A),andasa € S C Q,
then a € S. O

Corollary 5.7.

1. For every Ig-algebra A, (CoR4) C (Ra0 Q).
2. For every lo-algebra A, (DoR4) C (Rao0 D).
3. For every IK-algebra A, (D0R4) C(Ra02) and (RaoC) C (CoRy4).

Proof. 1. If P C SR 4Q, then O~1[P] C O71[S] C @, hence PR4Q C Q.

2. If P D SRAQ, then Q C O71[S] € O~ L[P], hence PRAQ 2 Q.

3. If PR4S C @, then O71[P] C S C @, hence by 5.5 (2), (P,Q) € (CoR.A).

If P D SRAQ, then @ C ©71[S] C &~ 1[P], hence by 5.5 (1), (P,Q) € (Ra0 D). O
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5.8 The action of ( ), on objects

Proposition 5.9. Let L € {In, o, IK}. For every L-algebra A, Ay = (Pr(A),C,R4,A) is a
general L-frame.

Proof. The Priestley duality restricted to Heyting algebras yields that X 4, is an Esakia space,
and A is the collection of the clopen up-sets of X 4., which is D1. As X 4, is an Esakia space,
then in particular it is Hausdorff, hence for every P € Pr(A), {P} is closed in X 4, and so by
5.3, Ra[P] is closed in X 4, , which is D3.

Let us show that if A is an Ig-algebra, then 04 = Og ,, i.e. that for every a € A,

(D(L) = UOg a.

() If P € (Qa), then Oa € P, ie. a € O7YP] so, for every Q € Pr(A), if PRAQ, then
a€ 07 1[P]CQ.

(D) If P ¢ (Oa), then by item 1 of 5.6, a ¢ Q and PR AQ for some Q € Pr(A), so P ¢ Og_,G.
Let us show that if A is an Io-algebra (an IK-algebra), then &4 = Og ,, i.e. that for every a € A,

(<>a) = ORAE-
() If P € (Ca), then CGa € P, then by item 2 (item 4) of 5.6, a« € @ and PR 4Q for some
Q € Pr(A), hence P € O ,a.

(D) If P € Og @, then a € Q and PR AQ for some Q € Pr(A), i.e. Q C O71[P], hence Ca € P.
Let us show that if A is an IK-algebra, then 04 = O(cor)s i-€. that for every a € A,

(Ba) = O(cor4)T-

(C) If P € (Oa), then Oa € P, ie. a € O7'[P] so, for every Q € Pr(A), if PRAQ, then
ac€ 0P| CQ.

(D) If P ¢ (Oa), then by item 3 of 5.6, a ¢ Q and P C SR 4Q for some @Q,S € Pr(A), so
P §é U(cor4)a-

This is enough for proving that A is closed in each case under the appropriate operations.

If Ais an IK-algebra, then as X 4, is an Esakia space, then in particular it is a Priestley space,
so by 3.2 for every P € Pr(A), Pl ={Q € Pr(A) | P C Q} is a closed subset of X 4, hence by
5.3, Ra[P1] is closed in X 4, .

Let us show that R 4[P1] is an up-set: If Q € R4[P1] and Q C T, then P C SR4Q C T, hence
by 5.7 (3), PC S C Q"R AT, and so T € R 4[P1]. This proves D4. O

5.10 The action of ( ), on arrows

Proposition 5.11. Let L € {Ig, Lo, IK}. For every L-algebra homomorphism h : Ay — As,
hy Ay — Ay is a p-morphism of general Li-frames.

Proof. The Priestley duality restricted to Heyting algebras yields that hy is a continuous and
strongly isotone map between X 4,, and X 4, , which is equivalent to conditions M1-M3.

Let us show that if P,Q € Pr(Ag) and O~ ![P] C Q, then O~'[h~1[P]] C h~[Q]: For every
a < ./42,

a€O07n7P]] & Oaeh [P

& h(Oa)eP

& DOh(a) e P

&  h(a) €07 YP]CQ
= a€hQ].

c

Let us show that if P,Q € Pr(As) and Q C O71[P], then h~1[Q] C ©~[h~L[P]]: For every

CLE.AQ,
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a€h Q]

tee Lo
=
o
S

This is enough for proving that for L € {Ig, 1o, IK} and for every P,Q € Pr(As), if PR .4,Q,
then hy(P)R a,h+(Q), which is M4.

Let us show M5 for Io-algebras, i.e. that if A; and Ay are Io-algebras and P € Pr(Asy), Q €
Pr(A;) are such that h=}[P]R 4, Q, then there exists S € R 4,[P] such that Q C h~1[S]. We need
to find a prime filter S of Ay such that S C O~1[P], i.e. SNOTLP]® =0 and Q C h71[9], i.e.
h[Q] C S. It holds that

Fi(h[Q) N OTH[P]* =10,

for if not, then there are a € @ and &b ¢ P such that h(a) < b, hence Oh(a) < b As
a € Q C O HAYP]], then Oh(a) € P, and so b € P, contradiction.

By Birkhoff-Stone theorem, there exists S € Pr(Asz) such that h[Q] C S (i.e. @ C h71[S]) and
SNOHPIe =0, ie. S COYP], i.e. PRa,S.

Let us show M5 for IK-algebras: Like before, it holds that Fi(h[Q]) N O71[P]¢ = 0, so by
Birkhoff-Stone theorem, h[Q] C T (i.e. @ C h~1T]) and T'N OP]¢ = 0 for some T € Pr(As).
As T C O71[P], then by 5.5 (1), (P,T) € (Ra, 0 2), i.e. PR4,S 2 T for some S € Pr(Asz), so
S € Ra[P] and Q C h~'[T] C h—1[S)].

Let us show M5’, i.e. that if A; and Ay are Ig-algebras and P € Pr(Asz), Q € Pr(A;) are such
that h™1[P|R 4,@Q, then there exists S € R.,[P] such that h=![S] C Q: what we need to hold is
that O71[P] C S and S C h[Q], i.e. SN A[Q°] = 0. If we show that

h[Q] N Fi(O7HP]) =0,

then the statement will follow from Birkhoff-Stone theorem. Suppose that there are a ¢ @ and

Ob € P such that b < h(a), hence Ob < Oh(a) = h(Oa). As Ob € P, then h(Oa) € P, hence
a € O1h71[P] C Q, contradiction.

Let us show M6, i.e. that if A; and Ay are IK-algebras and P € Pr(As), Q € Pr(A;) are such
that h=1[P](CoR4,)Q, then there exists S € (CoR 4,)[P] such that h=1[S] C Q: By 5.5 (2), we
need that O7![P] C S, moreover, we need that S C h[Q], i.e. SN h[Q] = (). The proof goes like
in the case treated before. O

6 Duality

In this section we are going to introduce the full subcategories LSp of LGF for L € {In, 1o, IK},
and show that the functors ( )* : LAlg — LSp and ( ), : LSp — LAlg establish a duality.

For every general L-frame G = (X, <, R, A), let us consider the assignment g : X — P(A)
that maps every « € X to the set eg(z) = {Y € A | x € Y}. The Priestley duality restricted to
Heyting algebras yields that this assignment defines a map eg : Xg — X(g+), that is an iso in
the category Es of Esakia spaces and continuous and strongly isotone maps (which is the dual of
the category of Heyting algebras and their homomorphisms).

So we will only need to show that the objects in LSp are exactly those general L-frames G such
that e¢g is an iso in LGF.

6.1 L-spaces
Definition 6.2. (Ig-space) Let G = (X, <, R, A) be a general frame. G is an Ig-space iff the
following list of conditions is satisfied:

D1. Xg is an Esakia space, and A is the collection of the clopen up-sets of Xg.
D2’. A is closed under Og.
D3. For everyx € X, R[z] € K(Xg) ={F € K(Xg) | F = F1}.
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So Ig-spaces are those general Ig-frames such that R[z] is an up-set for every z € X. Let I5Sp
be the category of the Ig-spaces and their p-morphisms.

Example 6.3. For every finite partial order (X, <), the general frame G = (X, <, <,Up(X)) is
an Ig-space.

Proof. By definition, the topology 7 of Xg = X is generated by taking Up(X) U Down(X) as a
subbase. In 3.11, we saw that X is an Esakia space and that Up(X) is the collection of the clopen
up-sets of X. 2.2 (1) implies that Up(X) is closed under O<. For every z € X, ] € Up(X) is a
clopen up-set, so in particular zT € KT(X). O

Definition 6.4. (Io-space) Let G = (X, <, R, A) be a general frame. G is an Io-space iff the
following list of conditions is satisfied:

D1. Xg is an Esakia space, and A is the collection of the clopen up-sets of Xg.

D2. A is closed under Cg.

D3. For everyx € X, R[z] € K}(Xg)={F e K(Xg) | F=F|}.

So Lo-spaces are those general Io-frames such that R[x] is a down-set for every z € X. Let IoSp
be the category of the I¢-spaces and their p-morphisms.

Example 6.5. For every finite partial order (X, <), the general frame G = (X, <,>,Up(X)) is
an Is-space.

Proof. By definition, the topology 7 of Xg = X is generated by taking Up(X) U Down(X) as a
subbase. In 3.11, we saw that X is an Esakia space and that Up(X) is the collection of the clopen
up-sets of X. 2.2 (2) implies that Up(X) is closed under <. For every z € X, x| € Down(X) is
a clopen down-set, so in particular x| € K'(X). O

Definition 6.6. (IK-space) Let G = (X, <, R, A) be a general frame. G is an IK-space iff the
following list of conditions is satisfied:

D1. Xg is an Esakia space, and A is the collection of the clopen up-sets of Xg.

D2. A is closed under Or and O(<p).

D3. For every xz € X, R[z] € K(Xg).

Dj. For every x € X, R[z1] € K1(Xg).

D5. For every x € X, R[x] = Rlz1] N Rx]].

Let IKSp be the category of the IK-spaces and their p-morphisms. Conditions D4 and D5 together
imply that for every € X, R[z] is the intersection of an up-set and a down-set, hence R[z] is
convez, i.e. Rlx] = R[z]T N R[z]|'. So if G is an IK-space, then G is a general IK-frame such
that R[x] is convex for every © € X. However, not all the general IK-frames such that R[z] is
convex for every r € X are IK-spaces: Indeed, we saw already that, given a finite partial order
(X, <), the general frame G = (X, <, (>0 <), Up(X)) is general IK-frame, and moreover for every
z € X, (>o<)[x] = |7 is an up-set, hence it is convex. However, G is not an IK-space in general.

Consider the partial order associated with the following Hasse diagram:
z z

3 2

The relation (> o <) does not satisfy D5: It holds that < 213 > 25 <y, so y € (> o <)[z]], and
r>23<242>y,50y€ (>0<)x]l, but y & (>0 <)[z].

1t is very easy to show that for every partial order (X, <) andevery Y C X, Y =YTNY]| (i.e. Y is convez) iff
Y =UNV for some U € Up(X) and V € Down(X).
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Example 6.7. For every finite linear order (X, <), the general IK-frame G = (X, <, (>0<), Up(X))
is an IK-space.

Proof. Since < is a linear order, then for every x € X, X = zT U x| C (> o <)[z], hence
(>0 )la] = (> 0 )[] N (> 0 <)fa] , which is D. .

Proposition 6.8. For every L-algebra A, Ay is an L-space.

Proof. By 5.9, A, is a general L-frame. By 5.4 (1), if A is an In-algebra, then R4[P] = (CoR 40
Q)[P] is an up-set for every P € Pr(A). Analogously, 5.4 (2) and (3) respectively imply that if A
is an Io-algebra, then R 4[P] is a down-set for every P € Pr(A), and if A is an IK-algebra, then
RA[P] = (CoRA)[P]N (R4 0 D)[P] for every P € Pr(A). O

Lemma 6.9. For every general Li-frame G = (X, <, R, A) and every x,y € X,

1. 2 <y iff eg(x) Cegly).

2. If xRy then eg(x)R.acg(y).
Proof. 1. If x < y then, as A C Up(X), for every Y € A, if x € Y theny € Y.
If x £ y then, as Xg is totally order-disconnected and A is the collection of the clopen up-sets of
Xg,zx €Y and y ¢ Y for some Y € A, hence Y € (eg(x) \ eg(v)), and so eg(x) Z eg(y).
2. Let us show that if y € R[z], then a) Oy'[eg(x)] C eg(y), b) eg(y) C Op'leg(z)] and c)
Oy 26(@)] € g (y):
a) For every Y € A, ORY € eg(x) iff t € ORY, iff R[] CY,andsoy €Y, ie. Y € eg(y).
b) Forevery Y € A, Y € eg(y) if y € Y, and as y € R[], then R[z] NY # 0, i.e. ORY € gg(x),
ie. Y € Op'leg(x)).
c) For every Y € A, O<op)Y € eg(z) iff 2 € O<op)V, iff (SoR)[z] C Y, and so y € R[z] C
(SoR)[z] CY,ie Y €eg(y).
a) proves the statement if 4 is an Ig-algebra, b) proves the statement if A is an Io-algebra, and
a) and c) together prove the statement if A is an IK-algebra. O

The following lemma says that the additional conditions that L-spaces satisfy are exactly what
is needed in each situation in order for € to be an iso.

Lemma 6.10.

1. The following are equivalent for every general Ig-frame:
(a) For every x € X, Rlx] = R[z]|T.
(b) For every x,y € X, if e(x)R ae(y) then xRy.

2. The following are equivalent for every general Lo -frame:
(a) For every x € X, R[z] = R[z]].
(b) For every xz,y € X, if e(x)Rae(y) then xRy.

3. The following are equivalent for every general IK-frame:
(a) For every x € X, R[x] = R[zT] N Rx]|.
(b) For every x,y € X, if e(x)R ae(y) then xRy.

Proof. 1. (a = b) Suppose that x,y € X are such that e(x)R4¢(y) but y ¢ R[x] = R[z]]. Then
Rlz] CU and y ¢ U for some U € A, hence z € OgU. As e(z)R 42(y), then O [e(x)] C e(y), i.e.
for every U € A, if z € ORU, then y € U, contradiction.

(b= a) (D) If y € R[z|1, then xRz < y for some z € X, hence, by 6.9, e(x)Rae(z) C (y), i.e.
Oy [e(@)] C e(2) C e(y), hence e(x)R 4¢(y), and so by assumption it follows that zRy.
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2. (a = b) Suppose that x,y € X are such that e(z)R4e(y) but y ¢ R[z] = R[z]]. Then
yelU and R[a:] NU = { for some clopen up-set subset U, hence x ¢ CrU. As e(x)R 4£(y), then

e(y) C OR'e(2)], ie. for every U € A, if y € U then = € ORU, contradiction.

(b= a) (2) If y € R[z]], then Rz > y for some z € X, hence, by 6.9, e(x)R ae(2) D e(y), i.e

e(y) C e(2) C Op'[e(z)], hence e(z)R 42(y), and so by assumption it follows that zRy.

3. (a = b) Suppose that z,y € X are such that e(z)Rae(y) but y ¢ Rlzx] = R[zT] N R[z]].
Then either y ¢ R[zT] or y ¢ Rlx]]. If y ¢ R[z1] = [IT]T Then R[z7] C U and y ¢ U for some
U € A, hence z € O<op)U. As e(x)Rae(y), then D(<0R)[ e(z)] C e(y), i.e. for every U € A, if
r € O<opU, then y € U, contradiction. If y ¢ R[z]| the proof is analogous to the proof of (2),
(a = b).

(b= a) (2) If y € R[zT] N R[z]|, then z < z;Ry and xRzy > y for some 2,22 € X, hence,
by 6.9, e(x) C 8( )RAE( ) and e(z)R.ae(22) 2 e(y), and so D;l[e(x)] - Dgl[{—:(m)] C £(y) and
e(y) C e(z2) € OR'[e(x)], hence £(x)R 4¢(y), and so by assumption it follows that xRy. O

Proposition 6.11. For every L-space G = (X, <, R, A), eg : G — (GT)4 is a p-morphism of
L-spaces, hence it is an iso in LGF.

Proof. From the duality for Heyting algebras, we know that eg : Xg — X(g+), is an iso in Es,
hence it is bijective and satisfies M1-M3. M4 holds by 6.9 (2). The surjectivity of eg and 6.10
imply M5’, M5 and M6. Let us show M6: If eg(z)(CoR )P = eg(y), then eg(z) C eg(2)Raeg(y)

for some z € X, hence, by item 1 of 6.9 and 6.10, z < zRy, i.e. y € (<o R)[z]. O

Theorem 6.12. For every L € {In, Lo, IK}, the category LAlg of L-algebras and their homomor-
phisms is dually equivalent to the category LSp of Li-spaces and their p-morphisms.

Proof. Tt follows from 4.3, 4.5, 5.11, 6.8, and 6.11. O

7 Characterizing topological semantics of MIPC

Bezhanishvili [1, 2] introduced a topological semantics for MIPC, given by the category TPSOE of
perfect augmented Kripke frames and their morphisms (see 7.6 and 7.10 below), and proved that
TPSOE is dually equivalent to the category of monadic Heyting algebras and their homomorphisms,
that is the class of algebras canonically associated with MIPC (see [2]). In this section, we will
show that — as was to be expected — TPSOE is isomorphic to the full subcategory MIPCSp of
IKSp whose objects are the MIPC-spaces defined below:

Definition 7.1. (MIPC-space) An MIPC-space is an IK-space G = (X, <, E, A) such that E
is an equivalence relation.

Definition 7.2. (Augmented Kripke frame) (cf. Def 2.1 of [2]) A relational structure (X, <, E)
is an augmented Kripke frame iff (X, <) is a partial order and E is an equivalence relation on X

such that (F o <) C (<o FE).

Lemma 7.3. For every relational structure F = (X, <,E), F is an augmented Kripke frame iff
F is an IK-frame such that < is a partial order and E is an equivalence relation.

Proof. The ‘if’ direction is immediate. As for the converse, if F is an augmented Kripke frame we
only need to show that (>0 E) C (Fo>): if z,y,2 € X and x > yEz, then, as F is symmetric,
zEy < x, and so z < vEx for some v € X, hence xFEv > z. O

Definition 7.4. (Perfect Kripke frame) (cf. Section 3.1 of [2]) A preordered Stone space X =
(X, <,7) is a perfect Kripke frame iff 7 € K(X) for every x € X and for every clopen subset U
of X, U| = <7U] is clopen.

Lemma 7.5. For every perfect Kripke frame X = (X, <, 1),

1. X is totally order-disconnected. Hence, a perfect Kripke frame X = (X, <, 1) is an Esakia
space iff < is a partial order.

2. For every F € K(X), F1 and F| € K(X). Hence, for every v € X, ] and z| € K(X).
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Proof. 1. If z,y € X and z £ y, then y ¢ 27 € K(X). As X is a Stone space, then y € U and
Unazl =0 for some clopen U C X. Then U] is clopen, y € U| and U| Nxz] = @, which proves
total order-disconnectedness.

2. Analogous to the proof of 3.2. O

Definition 7.6. (Perfect augmented Kripke frame) (cf. Section 3.1 of [2]) A perfect aug-
mented Kripke frame is a structure X = (X, <, E,T) such that the following list of conditions is
satisfied:

P1. (X, <, E) is an augmented Kripke frame (hence < is a partial order).

P2. Xy =(X,<,7) and (X, (<o E), ) are perfect Kripke frames.

P3. For every clopen up-set U of Xy, E[U] is clopen.

Lemma 7.7. For every augmented Kripke frame (X, <, E), and every up-setY , E[Y] is an up-set.

Proof. Let x € E[Y] and z < z and let us show that z € E[Y]: as « € E[Y] then yEx for some
y €Y,s0z>axFEy, hence, as (>0 FE) C (Eo>) by 7.3, zEv > y for some v € X, i.e. y < vEz,
and as Y is an up-set and y € Y, then v € Y and so z € E[Y]. O

Lemma 7.8. (cf. Lemma 3.1 (1) of [2]) For every perfect augmented Kripke frame X = (X, <, E, 1)
and every x € X, Elz] = (<o E)[z] N (E o >)[z].

For every perfect augmented Kripke frame X = (X, <, E,7) let us define Gy = (X, <, E, A;),
where A, is the collection of the clopen up-sets of (X, <, 7). Notice that Xg, = Xx.

For every IK-space G = (X, <, E, A) such that E is an equivalence relation let us consider its
associated space Xg = (X, <, 7) and define Xg = (X, <, E, 7). Clearly, Xy, = (X, <,7) = Xg.

Proposition 7.9.

1. For every perfect augmented Kripke frame X = (X, <,E,7), Gx = (X,<,E, A;) is an
MIPC-space.

2. For every MIPC-space G = (X, <,E, A), Xg = (X,<,E,T) is a perfect augmented Kripke
frame.

Proof. 1. By P2, it holds that Xg, = Xx = (X, <, 7) is a perfect Kripke frame and < is a partial
order, so by 7.5 (1) Xg, is an Esakia space, and A, is the algebra of the clopen up-sets of Xg,,,
hence D1 holds.

The assumption that (X, (<o E),7) is a perfect Kripke frame implies that: a) by 7.5 (2), for
every x € X E[z1] € K(Xg, ), which is D4; and b) for every U € A, (U is a clopen up-set of
Xg., hence (X \ U) is clopen, therefore), (< o E)~![X \ U] is clopen, hence so is its complement
X\ (€0 E) X\ U] =0<or)U. O<orU is also an up-set, for if z € O<op)U and z < y, then
y1 C 21, and so E[yl] C E[z1] C U, hence y € O(<,p)U. Let us show that for every U € A,
OpU € A;: Since E is symmetric, then for every clopen up-set U, OpU = E~1[U] = E[U], which
is clopen by 7.6 P3, and it is also an up-set by 7.7. So this completes the proof of D2. By 7.8, for
every ¢ € X, E[z] = (o E)[z]N(Eo>)[z] = E[z7]N E[z]], which is D5. Since (X, (<o E),7) is a
perfect Kripke frame, then by 7.5 (2), we get that for every z € X, E[x]| = (<oE) [x] € K(Xg,)-
Then, (recall that D4 holds) E[z] = E[z7] N E[z]| is the intersection of two closed sets, so it is
closed, which is D3.

2. By 4.2 (3) it holds in particular that (F o <) C (<o E), so (X, <, E) is an augmented Kripke
frame, which is P1. D2 implies that for every clopen up-set U, E[U] = O gU is clopen, which is
P3. By D1, (X, <,7) is an Esakia space, hence it is a perfect Kripke frame. So the only thing
we need to show is that (X, (<o E), ) is a perfect Kripke frame. Clearly, (X, (<o E),7) is an
ordered Stone space. By D4, it holds that (< o E)[z] = E[z]] € K'(Xg) for every x € X, so we
are left to show that for every V clopen, (< o E)~![V] is clopen. For the remainder of this proof,
we rely on definitions and facts that can be found in the appendix of this section. By D4, the
assignment z —— (< o E)[z] = E[21] € K'(Xg) defines a map p : Xg — K'(Xg) such that for
every clopen subset U of Xg (<o E)71[U] = p~m(U) N K'(Xg)], and since m(U) N KT(Xg) is
a clopen subset of KT (Xg), it is enough to show that p is continuous. Since
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Bl = {+({U)N K" (Xg) | U clopen up-set } U {m(V)NK'(Xg) |V clopen down-set}

is a subbase of K'(Xg), and the elements in the right-hand side of the union above are just the
complements of the elements in its left-hand side, it is enough to show that for every clopen up-set
U of Xg, p Ht(U)N KT (Xg)] = p~L[t(U)] is a clopen subset of Xg. For every clopen up-set U of
Xg, p7Ht(U)] ={z € X | (o E)[z] C U]} = O(<op)U, which is a clopen up-set by D2. O

Definition 7.10. (Morphism of perfect augmented Kripke frames) (cf. Section 3.1 of
[2]) Let X; = (X;,<;, Ei, 1) be perfect augmented Kripke frames, i = 1,2. A continuous map
f (X1, 1) — (Xao,72) is a morphism iff the following list of conditions is satisfied for every
z, 2,y € X1, 2 € Xy

M1 if 5 <y y then f(z) <o £(y).

M2. If f(z) <q z then f(2') = z for some o’ € x7.

ME T a(<y 0 By then f()(< 0 Es) f(y).

M6’ If f(z)(<g 0 E3)z then z = f(z') for some z' € (<1 0 Ey)[x].

M5. If f(z)E2z then z < f(z') for some x’ € Ey|x].

Proposition 7.11.

1. For every morphism f : X1 — Xy of perfect augmented Kripke frames, f is a p-morphism
between the associated MIPC-spaces Gy, and Gx,.

2. For every p-morphism [ : Gi — Go of MIPC-spaces, f is a morphism between the associated
perfect augmented Kripke frames Xg, and Xg,.

Proof. 1. We have to show the conditions M3, M4 and M6 in 3.12 hold: M3 is equivalent to the
continuity of f, and M6’ immediately implies M6. Let us show M4, i.e. assume that xFE;y and
show that f(z)FE>f(y): By 7.8, it is enough to show that f(x)(<o Eq)f(y) and f(x)(E20>)f(y).
As ¢ < zEyy, then by M4’, f(z)(< o E3)f(y). As zFE1y > y, then x € (<o Ey)[y] so, by M4,
f(z) € (S0 Ba)[f ()] ie. f(y) € (< 0 Ba) M [f(2)] = (F» 0 >)[f(x)]-

2. We have to show that f is continuous and that M4’, M6’ in 7.10 hold: M3 is equivalent to
continuity, and M4’ is easily implied by M1 and M4. Let us show M6’: assume that f(z)(<20FE»)z,
and show that z = f(2') for some z’ € (<1 0 Ey)[z]. By M6, f(y) <2 z for some y € (<o Ey)[z],
hence, by M2, z = f(a') for some 2’ € yT, and as y € (< o Ey)[z], then 2’ € (<o Ey o <)z] =
(< o Ey)[z], the last equality being implied by (E; o <) C (<o Ey). O

Putting 7.9 and 7.11 together yields:

Theorem 7.12. MIPCSp (MIPC-spaces and their p-morphisms) and TPSOE (perfect augmented
Kripke frames and their morphisms) are isomorphic categories.

7.13 Appendix

The proofs of the facts mentioned in this appendix will appear in a forthcoming paper. Recall
that for every X = (X, 7), the Vietoris topology (cf. [13]) 7, on K(X) is the one generated by
taking the following collection as a subbase:

{t(A) | Aertu{m(A) | Aer},

where for every A € 7, t(A) = {F € K(X) | F C A} and m(A4) = {F € K(X) | FN A # 0}.
K(X) = (K(X), 7,) is the Vietoris space of X. It is well-known that for every Stone space X,
K(X) is a Stone space, moreover for every clopen subset U of X, m(X \ U) = K(X) \ ¢(U) and
t(X\U)=K(X)\m(U), hence t(U) and m(U) are clopen subsets of K(X).

Proposition 7.14. Esakia spaces are exactly those Priestley spaces X = (X, <,7) such that
K1(X) is a closed subset of the Vietoris space of (X, ).
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This implies that, for every Esakia space X = (X, <, 7), the collection KT(X) of the closed up-sets
of X, endowed with the inherited Vietoris topology 7,, is a Stone space: So, for every Esakia space

X =

(X,<,7), the space KI(X) = (K1(X),D,7/) is an ordered Stone space, that can be shown

to be also totally order-disconnected (i.e. a Priestley space). As a byproduct of the proof of this
last fact one gets:

Proposition 7.15. For every Esakia space X = (X, <, 1),

Bl ={t{U)NK(X) | U clopen up-set } U {m(V)N K (X) |V clopen down-set}

is a subbase of K1 (X).
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