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Goal of this talk
Show that these notions are all instances of logical consequence
in a uniform logic of information and issues.



Overview

Part I: semantics
Inquisitive semantics for declaratives and interrogatives.

Part II: entailment
Declarative entailment, resolution and interrogative dependencies.

Part lll: logical calculus
Computational content of inquisitive proofs.
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Semantics



Definition (Syntax of IngD,)

L consists of a set £, of declaratives and a set £ of interrogatives.

L a = p | L | arha | o> a
Lo op = Na,o..,ant | pap | p—op
L ¢ = a | pu
Abbreviations
» fae L), ~vi=a— 1

> lfa,Be Ly, aVp:i=-(-aA-p)

» fae L), a = Na, ~a}



Notational convention on meta-variables

Declaratives Interrogatives  Full language

Formulas a,B,y v, A e Y, x

Sets of formulas r A 0}



Definition (Models)

A model for a set P of atoms is a pair M = (‘'W, V) where:
» W is a set, whose elements we call possible worlds
» VW — p(P) is a valuation function

Definition (Information states)
An information state is a set of possible worlds.
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Semantics
» Usually, semantics assigns truth-conditions at worlds.

» However, our language now contains interrogatives as well.
» Interrogative meaning = resolution conditions at states.

» Our semantics is defined by a relation s |= ¢ of support
between information states s and formulas ¢, where:

Declaratives: s Ea < «ais established in s
Interrogatives: s =u < pisresolvedin s



Definition (Support)

1. sEp < peV(w)forallworlds w e s
2.sEL < s=0

3. sE!NHaq,...,ap} & SskEaq or ... Or SE,
4. sEeANYy & skE¢ and sEY¥

5. sEp—y < foranytcCs, if tE=gp then tE=y
Fact

» Persistence: if sE=¢ and tCs,then tl=¢
» Absurd state: @ = ¢ forany ¢



Definition (Truth)
Mwke & Miwl g

Fact (Truth-conditions)

»MiwiEp < peV(w)

M,wilE L

MwE Hay,...,an) <= M,wkaq or ... or M,w E a,
MwEpAYy = MwEgyg and M,wEy
MwEy->yYy & Mwliyp or MwgEy

v

v

v

v

Fact (Declaratives are truth-conditional)
MsEa — MwkEkaforallwes
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Part Il

Entailment



Definition (Resolutions)
» R(a) = {a} if @is a declarative

R, ..., an)) = a1, ..., an}
(;1/\1/) a/\ﬁlaeR()andﬁ’GR( )}

Fact
M,sEyp & M,skE a forsome a € R(yp)



Definition (Presupposition of an interrogative)
m =\ R(u)

Fact
MwkEuy = MwkEnr,

00 00 01 00

”{p, g} pvag p



Definition (Resolutions of a set)

A resolution of a set ® is a set of declaratives I' such that:
»VYoed Jdael st acR(p)
»Vael Jped st acR(p)

The set of resolutions of ¢ is denoted R(®).

Example

The following are resolutions of {p, 7q, ?r}:
> {p.q,r}
> {p.q,-r}
> {p.q,~q, r}

>---



Definition (Entailment)
b=y — foralM,s, if M,sl=® then M,s =y

We will distinguish two cases:
» the conclusion ¥ is declarative
» the conclusion y is interrogative



Fact (Entailment towards declaratives is truth-conditional)
PEa — foral M,w, if MwgEkE ¢ then M,w E «

Corollary (Conservativity on classical logic)
If I, @ are propositional formulas, TEao < I EcpL @

Corollary
NMAEa = INlM\Ea where Mp = {m, |u € A}



Fact
PEYy = VIeR(P) FaeeR(y) st TEa

Entailment towards an interrogative

A= p < given T, any resolution of A entails a resolution of u
< given [, A determines u

Example
pegAar, gA?r E7p

>peqArn, ga T Eop
> peoqAr, gA-r Eop
> peoqAr, —qA T p
> poqAr, —qA-r | op



» Interrogative dependencies are instances of entailment with

» interrogative conclusion
» some interrogative assumptions

» Such dependencies are internalized in the language as implications.
Eg.:?p—> 7q

» The particular dependency between two interrogatives may itself be
one of the variables at stake. Consider:

p, P> E g



Corollary (Split)
Ny < T Ea forsomeac R(u)

Declarative-to-interrogative entailment
NlNEwu < T resolves u.

Example
-p = pAq)



Thus, inquisitive entailment encompasses:

» Declarative entailment:
NlNE=Ea < T impliesa

» Resolution:
=y < T resolves u

» Interrogative dependency:
NMAEup < givenl, Adetermines u
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Logical calculus



Conjunction

@ B anp aAB
aAp a B

Implication
[o]

/.3 a a—p
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Double negation axiom
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Conjunction Implication
[e]
4 oAy PAY I,b o oY
pAY [ 4 o>y W
Interrogative
] [an]
@i ‘P ‘P Hay,...,an}
Naq,...,an} )

Falsum

S|+

Double negation axiom

e - a



Conjunction Implication
[e]
4 oAy PAY I,b o oY
pAY [ 4 o>y W
Interrogative
] [an]
@i ‘P ‘P Hay,...,an}

Naq,..., a0} [

Falsum

S|+

Double negation axiom

e - @

Kreisel-Putnam axiom

.sBm)) = Ha - B,

ceo@ > By}



Theorem (Resolution theorem)
dry <« VIeR(®P) FaeeRly) st Tra

Constructive significance

The left-to-right proof describes a procedure that
given a proof P : @ + ¢

» takes a specific resolution I of ®

» by induction on P, constructs a proof ©(P,I'): T + «
concluding with some specific resolution a of ¥

Thus, P can be seen as encoding a specific dependency of ¢ on ¢
or, a method for turning resolutions of ¢ into resolutions of .



Example

» Consider the proof
P:peqgAar 7gA?r v 7p

la] [l peognr

[-r] pognr
(P1) — _ o

rona T (ne) 2 i Ly 0 bdpoans
T (he) L L P (2e) 2 (i

’q ’p P (2e)

P

> Suppose ?qg A ?r isresolvedto gATr.
> The procedure delivers the proof

O(P,gATr) : pegAr, gAr F p

L e B o) L gar

P



Example

» Consider the proof
P:peqgAar 7gA?r v 7p

[g [l pegnr

) [-r] peognr
2GATr (re) P ) 1 -p ) [~q] pegnr

QAT r P P » -p ;

7q (ne) » (7e) i (2i)

- - (7e)

P

» Suppose ?q A ?r isresolvedto g A —r.
> The procedure delivers the proof

O(P,gA=r) : peoqAr, QA= F =P

qA-r
= (/\e) o qgATr
r ﬂpp q (P2)



Wrapping up

Semantics
We can generalize classical logic beyond truth-conditions,
to a setting where we can treat both information and issues.

Entailment
This setting yields a general entailment relation, encompassing
declarative entailment, resolution, and interrogative dependency.

Logical calculus

The associated logic is a conservative extension of classical logic,
with constructive features when it comes to interrogatives.

Proofs

Proofs involving interrogatives have a specific computational content:
they encode methods for turning resolutions of the interrogative
assumptions into resolutions of the interrogative conclusion.
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