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Introduction

Our starting point

@ Belnap-Dunn logic seems to us indeed a useful four-valued
logic, as Belnap (1977) suggested.

@ From a computer science perspective, Belnap-Dunn logic
would be even more useful if it had modalities.

@ How to define (and axiomatize) such a logic?
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Introduction

Inspiration

@ Bou, Esteva, Godo & Rodriguez (2011) provide a recipe for
studying the minimum many-valued modal logic over a finite
(integral) residuated lattice, assuming we have axiomatized the
non-modal logic of the lattice.

@ If we add an implication to the four-element Belnap lattice
Four, then we can view it as a (non-integral) residuated
lattice, and we know its logic.

@ We can then adapt the recipe to obtain the minimum
Four-valued modal logic over the Belnap lattice.

@ Initially, this is what we thought we would do, but ...
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Kripke semantics

The recipe

A Four-valued Kripke model is a structure (W, R, v) such that W
is a set of 'worlds’ and both the accessibility relation R and the
valuation v are four-valued, i.e.,

@ R: W x W — Four

@ v: Fm x W — Four

@ v(pop,w) = v(p,w)ov(,w)

for each non-modal connective o

The semantics of the modal (necessity) operator is given by

v(Cp, w /\{R (w,w') > v(p,w'): w' e W}
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Kripke semantics

@ Alternative definitions are available, e.g.
(Odintsov & Wansing, 2010):

v(Bp, w /\{R w,w') D v(p,w):w' e W}
@ However, @ does not take advantage of four-valuedness of R:

v(mp,w) = N\ {vipw) : Rw, w') € {T,t}}.

@ Moreover, @ can be recovered as

By :=Cev 1)@ Op A L)

but not the other way around.
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Kripke semantics

@ It seems that other alternatives (e.g., replacing /\ by X)) are
not technically feasible.

@ Moreover, our [ ] has a dual ¢ = —[]— whose semantics is the
one proposed by Bou et. al (2011):

v(Op, w \/{R w,w') = v(p,w'): w' e W}

@ Technically, these advantages are related to the fact that
(Four, A, v,* — — T)is an (involutive) residuated lattice
but, e.g., (Four,®,®, », —, —, T) is not.

U. Rivieccio (TU Delft) Bilattice Modal Logic Applied Logic Seminar 6 /30



Kripke semantics

Modal consequence relations

M ={(W,R,v) is a Four-valued model. As in classical modal logic,
we define:

@ Satisfactionat we W: M,w E ¢ iff v(p,w)e {t, T}
@ Local consequence: I =, ¢ iff YM Ywe W
MwEeETD = MwEop
@ Global consequence: ' =, ¢ iff YM
YweW MwEeT) = Ywe W M,wE p)
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Kripke semantics

As in classical modal logic:

@ = <k,
@ Jki¢ iff Fgo
@ oYk p—[ but ¢—Y ¥ Op— Y

Unlike classical modal logic:

@ E(p—¢) »Up - Y (normality fails)

@ pH,Op (necessitation fails)

W

U. Rivieccio (TU Delft) Bilattice Modal Logic Applied Logic Seminar 8 /30



Syntax

Following the recipe of Bou et. al (2011), we conjectured the
following Hilbert-style axiomatization.

The set of axioms is the least > < Fm closed under substitutions
such that:

@ ¢ e X for any theorem ¢ of the non-modal logic of Four
@ [JtoteX

@ O(pnrg)e(@dpnlg) el

@ (L —p)eo(L—-0Opek

@ if peX and pogel, then ge X

@ if p>qgel, then (Op—[lgel.

U. Rivieccio (TU Delft) Bilattice Modal Logic Applied Logic Seminar



Syntax

Following the recipe of Bou et. al (2011), we conjectured the
following Hilbert-style axiomatization.

Rules

@ Modus ponens is a rule of both the local (i) and the global

calculus (F,):
p pOg

q

@ Monotonicity is a rule of -, only:

_P=9q
Lp—Llq

Obs.: Monotonicity does not imply necessitation.
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Completeness?

@ Standard modal logic techniques are not applicable because of
the lack of normality.

@ The recipe of Bou et. al (2011) only works for the local
consequence, and proofs involve complicated syntactical
lemmas.

vy

Good news
We have algebraic logic and duality.
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Algebraic completeness

Algebraic models

@ As in classical modal logic, our calculus -, is algebraizable.

@ Alg(l—,) is the variety of modal bilattices, i.e., algebras (A, [J)
such that A is a bilattice with implication and
[t =t
O(xAy) = Ox A0y
] (J_ — X) = 1 —>[]x

@ Reduced models of |-, are matrices (A, Fy) where A is a
modal bilattice and Fy is the least bifilter of A.
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Algebraic completeness

Algebraic models

® Alg(t,) = Alg(+/) = Alg*(i-).

@ Reduced models of |-, are matrices (A, F) where A is a modal
bilattice and F is a a bifilter of A.

@ Hence, |, is complete w.r.t. to the above-mentioned class of
matrices.
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Completeness?

We have defined algebra-based semantics for our calculus,
namely modal bilattices with additional structure.

We have a topological duality theory for bilattices (Jung & R.,
2012).

Modal bilattices are just bilattices with a finite meet-preserving
operator that satisfies one additional axiom:
Ol —-x) = L ->0Ox.

We can thus extend the above duality to a duality for modal
bilattices. This would tell us that the algebra-based and the
topological semantics are equivalent.
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Completeness?

@ Algebraic, topological and Kripke semantics are related
(Jénsson-Tarski duality).

@ Thus, for a completeness proof, we assume [ 14 ¢ and we can:

@ find an algebraic counter-model

© turn this model into a topological one

© turn the topological model into a Kripke model to
conclude that ' & ¢.

@ This works, but the topological counter-model that we obtain
is essentially two-valued: a Stone space X together with a
two-valued relation R; <€ X x X.

A close topological analysis is required to transform this model
into a Four-valued Kripke model as required by our semantics.)
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Completeness?

An alternative strategy

@ We still use algebraic completeness and Jénsson-Tarski duality,
but we also exploit the twist-structure representation.

@ For this we need to extend the twist-structure construction to
modal bilattices.

@ We can thus view the algebraic counter-model mentioned
above as a modal twist-structure B™.

@ This gives us a topological counter-model on the dual space of
B, which is a Stone space X(B) endowed with two
(two-valued) relations R and Rg.

U. Rivieccio (TU Delft) Bilattice Modal Logic Applied Logic Seminar 16 / 30



Completeness?

An alternative strategy

@ R and Rg can then be combined into one Four-valued
relation Ry, so that (X(B), Ry) is a Four-valued Kripke frame.

@ The twist-structure construction allows us to define a
valuation v: Fm x X(B) — Four such that (X(B), Ry, v) is a
Four-valued Kripke model, as required by our semantics.

@ This is the counter-model we were looking for, and the same
proof works for both —; and |,.
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Completeness!

Proof (sketch)
@ Suppose [ £ .

@ By algebraic completeness, there is a model (A, F) and a
homomorphism h: Fm — A such that h[['] € F and h(y) ¢ F,
with A a modal bilattice and F a filter such that T € F.

@ Since the lattice reduct of A is distributive, we can extend F
to a prime filter F' © F with h(p) ¢ F'.

@ By the twist-structure representation, we can assume A = B™
for some bimodal Boolean algebra B.

@ In this case F' = U x B, where U is an ultrafilter of B.
Moreover, ;1 [h[[]] < U and w1 (h(p)) ¢ U.
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Completeness!

Proof (sketch, continued)
@ On the Stone space X(B) we have relations R and Rg
defined by
(P,@e Ry iff m'[Plc@
(P,QYe Rg iff E*'[PlcQ.

@ We combine them into one Four-valued relation R, as follows:

iff (P, @) € Ry and (P, Q) € Rg
iff (P, Q)€ Rg and (P, @) ¢ Rg
1H<P,Q>¢ R and <P,Q>E RE
iff (P, Q)¢ Rg and (P, @) ¢ Ry

R4(’D’ Q) =

- = —
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Completeness!

Proof (sketch, continued)

@ Thus, (X(B), Rs) is a Four-valued Kripke frame.

@ Define valuations v, v_: Var — Clop(X(B)) as follows:
vi(p) :={Q e X(B) : m(h(p)) € Q}
v-(p) :={Q € X(B) : m(h(p)) € Q}.

@ Combine v, and v_ into one Four-valued valuation
vy: Var x X(B) — Four as follows:

: iff @ Epg dQWEp;

B T i € v.(p) an e v_(p

(P @ =\ | i Q¢ vi(p) and Q¢ v_(p)
f iff Q¢ vi(p) and Q€ v-(p)
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Completeness!

Proof (sketch, continued)

@ Thanks to the twist-structure construction, v, can be
homomorphically extended to arbitrary formulas. In particular,

O v (9), v (¥)) = @Evi () n B (v- (), @ (v-($))))
where, for S € Clop(X(B)),

S :={Qe X(B): Ry[Q] < S}
HS :={Qe X(B): Rg[Q] < S}

@ So, M = (X(B), Ry, vs) is a Four-valued Kripke model.
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Completeness!

Proof (sketch, continued)

@ Recall that m;[h[l']] < U and m1(h(p)) ¢ U. This means that
Uev,(y)forall yeTl, but Ué¢ v (p).

@ Thatis, vu[l'] < {T,t} but vy(p) € {L,f}.
@ Thatis, M,UET but M, U p.
@ Hence, I ) .

The completeness proof for |, is essentially the same, replacing
(A, F) with {A, Fo).
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...and beyond

Concluding remarks

@ We have axiomatized the least modal logic over the Belnap
lattice: what about extensions? (e.g., more restricted classes
of frames).

@ In fact, our result still holds if we replace Four by any
complete bilattice with implication.
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...and beyond

Concluding remarks

@ The splitting of [] into the pair (&, H) provides further
insights. For instance, the extension obtained by adding the
normality axiom [J(¢ — ¢) — [y — [ is exactly the logic
of idempotent frames, i.e., those where R(w, w’) # L. The
algebraic models of this logic are twist-structures B™ s.t.

B = Hx < Hx.

@ Similar axioms characterize consistent frames (R(w, w’) # T)
and crisp frames (R(w, w') € {f,t}).

@ Applying the same kind of reasoning, we might be able to say
something interesting about Sahlqvist formulas.
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Four as a residuated lattice

(Four, A, v, — —)is a (commutative) residuated lattice with
underlying monoid (Four, =, T), where x =y = —=(x — —y).
t
i T
f

« (fL L] Tt - | f | L|T]|t

f it f | f|f flt]t]t|t

Ly L] L Ll L]t ] L)t

TIf]L]T]t TIf[L][T|t

t|f|L]t|t t | f|L|f |t
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The logic of Four and its semantics

@ The logic of the matrix (Four, {T,t}) in the language
(A, v, 5, — = ft 1 T) is algebraizable.

@ lts equivalent algebraic semantics is the variety generated by
Four in this language (bounded classical implicative bilattices).

@ Bilattice connectives are definable:
a@b=(anl)v(bal)v(anb) < lattice
a®b=(anrT)v(bAaT)v(anb)

abb=(a—(a—b))vb ‘weak’ implication

@ Every algebra in this variety is representable as a
twist-structure over a Boolean algebra.
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The logic of Four and its semantics

Twist-structures

Let B = (B, A, Vv,—,0,1) be Boolean algebra. The twist-structure
over B is the algebra B™ = (B x B, A, v,*,—,— f, t, L, T) where

(ay,ax) A (b1, by) :={a; A by, a v by)
{ar,ar) v {by,by):={a; v by, a A by)
(a1, ap) # (b1, by) :=<{ay A by, (a1 — b)) A (b1 — a))
{ay,az) — (b1, by) :={(a1 — b1) A (by > a2),a1 A by)
—(ay, ax) :={ap, ar)
f:=(0,1) t:={1,0) 1:=<0,0) T:=(,1)
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Completeness?

Modal twist-structures

A bimodal Boolean algebra B = (B, A, v, ~,H,H,0,1) is a
Boolean algebra with two operators that preserve finite meets:
Hl=Hl=1
H(xAy)=Hx By
H(x Ay)=HxAHy.

The modal twist-structure over B is the algebra B™ defined as in
the non-modal case, with

(<a1, a2) == (Har AH(~a2), ~H~ ap).

Obs.: our construction generalizes Odintsov & Wansing (2010),
who had [<{a1,a,) := (Hai, ~H~ a»).
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Completeness?

Modal twist-structures
Theorem: Every modal bilattice is representable as a twist-structure
over a bimodal Boolean algebra.

Obs.: this representation uses crucially the constants, for we need
to construct terms such as [J(—(a > f) v T).

y
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